In an earlier paper (Chang 1944), it is shown th at for fields of which the field equations are deduced from varying a Lagrangian subject to auxiliary conditions, it is possible to choose expressions for the conjugate variables and the Hamiltonian so th a t the field equations are brought into canonical forms and thus can be quantized in the usual way. As an application of this theory, we have quantized the Maxwellian field subject to
In an earlier paper (Chang 1944) , it is shown th at for fields of which the field equations are deduced from varying a Lagrangian subject to auxiliary conditions, it is possible to choose expressions for the conjugate variables and the Hamiltonian so th a t the field equations are brought into canonical forms and thus can be quantized in the usual way. As an application of this theory, we have quantized the Maxwellian field subject to (dA JdxJ = 0,
where A^is the four-potential and a; the vector ( ) (the velocity of light c being taken to be unity for convenience). In so doing we find it necessary to intro duce a new dynamical variable P(0) which behaves as a scalar and acts as the con jugate variable to A 0. By imposing initial conditions for xjr occurring in nature, the expected value of P(0) can be made always zero, and we find to our satisfaction th a t the Maxwell equations hold for fr occurring in nature.
The scheme of quantization then employed followed closely a method due to Weiss (1936) . At the time of writing, it was not realized th a t in his method there is no proof for the relativistic invariancy of the commutation relations. I t may be thought at first sight th at the quantities ur and w in his theory are general curvilinear co-ordinates, and that by letting w change from the ^-co-ordinate of an observer to the i-co-ordinate of another observer, the invariancy of the commutation relations with respect to changes in w will supply the desired proof. However, if ur and w are arbitrary curvilinear co-ordinates, the commutation relations will change as w changes, as can be seen from the following argument. Let ^b e a surface on which the commutation relations of the canonical variables are given. By using the field equations we may determine the Poisson bracket between an observable 0 and its derivative along an arbitrary direction a at a point Q outside S, which accordingly is in general not zero. Now if the commutation relations will not change with w with ur and w as arbitrary curvilinear co-ordinates, we may choose w without damaging the field equations in such a way that the direction at lies in the surface w = constant containing Q, and thus the above-mentioned Poisson bracket must be zero. This is obviously a contradiction.
The relativistic invariancy of the commutation relations can, however, be easily proved in the present case by proving them to be invariant for an infinitesimal Lorentz transformation, following a method due to Heisenberg & Pauli (1929). The details of the method need of course some changes, since their conjugate vari ables and those here are defined differently. In the following, we shall give the various Poisson brackets for the case of vacuum in a form which exposes explicitly their relativistic characters.
In § 2 we shall give a summary of the results in the previous paper. In § 3 we shall work out the Poisson brackets between the A 's for vacuum. § 4 will give a modified form of the equations of Dirac, Fock & Podolsky (1932). In the new set of equations, dAJdXp is zero, while in the original theory of Dirac, Fock & Podolsky it is not. § 5 will give the quantum electrodynamics with each of the charges taking a separate time co-ordinate and with dAJdx equal to zero. The field equations will coincide with those in § 4. § 6 will discuss how the equation = 0 can be introduced into the new electrodynamics of Dirac (1942), which introduces negativeenergy states for photons during the second quantization, and how, as a conse quence, the longitudinal part of the field can be eliminated. 2 Q uantum electrodynamics w ith 3 A J 3 x^= 0
Summary of earlier results
As is well known in quantum mechanics, if we assume the Schrodinger equation fH{d\Jrjdt) = the equation of motion for observables q not contain
where
P^y,f those of the electromagnetic field. Let x be t (1it,x,y,z), x be (x,y,z) and let suffixes /i, v ... run fro Let us take H to be the integral over x, y, z of
where Hm is the Hamiltonian for m atter and will be assumed to consist of a term depending on the matter-field only and another term which may be written as qm)' Assuming at z0 = 0
The parenthesis of [i in is introduced to indicate th a t fi is not a tensor suffix. I t will be dropped when no confusion arises from so doing. and corresponding relations for the matter-field, we find from the equations of motion (2) th at they hold for all subsequent I t is easy to see th a t the equations of motion for the electromagnetic field are
I t follows therefore th at P(0) is a scalar and the Orth component of a tensor / . We shall not go into the field equations for m atter and shall be contented with assuming th a t they are such as to make (3?V/9a>) = °-(6) We obtain from (5) and (6) □ 7<a> = 0.
Thus assuming th at for \jr representing states th at can occur in nature
a t x0 = 0, which is equivalent to
a t x0 = 0, we have P(0)ij = 0 for all subsequent xQ . Hence for xjr representing states occurring in nature, the Maxwell equations are satisfied. I t remains to prove the relativistic invariancy of (4). I t is hardly necessary to point out th a t in so doing we must study the commutation relations between A , P(v) , p m, qm as a whole. If in a certain Lorentz frame we are given (4),
and the usual value of [ p m , qm], etc., for points with the same x0, it is to prove them to retain their form in an infinitesimal Lorentz transformation, by using the field equations and the transformation properties of p, q. The proof is very similar to the work of Heisenberg & Pauli, apart from the difference th a t owing to the difference between the transformation characters of P(r) and P(0), we have to write out in the present case the various Poisson brackets item by item. The writing out of such a proof does not present anything interesting and will thus be left out.
Excluding the part which involves the m atter only, (3) is the 00th component of the tensor 
which, just as T* is not symmetrical between ji and v.
To proceed further, we introduce a transformation 
+«-***{| ( -f i t -W t*(K

Commutation relations in vacuum
Let us consider the case in which j = 0, so th a t the / 's are all constants of motion. By means of the relation
we may transform (8) From them and (9), we get
If we remember M(k -k') is a scalar, the vector characters of the right-hand sides of (11*2) and (11*3) are obvious. The tensor characters of and r ffi can also be proved, though less directly. Since the proof is elementary, it will not be written out here. Since a+, a~ transform in a Lorentz transformation as scalars and b~ as vectors, the above shows th at the commutation relations between the a 's and 6's are Lorentz-invariant.
W ith the help of (8), (9) or (10), (11) we can work out the Poisson brackets between A" and P(v) a t two different points. The algebra is elementary and is therefore left Q uantum electrodynamics with dAJdx^O out. The results are
£ being + (SrO *-As expected, the right-hand sides of (12*1), (12*2), ... are a tensor, a vector, etc., respectively. Let us introduce into the right-hand sides of (12) a A-modification, by which we mean we replace a function 0(£) by 0A(£) = + A) + -A)}, where A is a constant time-like vector with -iX0 > 0. I f we want this A-modification, all we have to do is to retain (8) and replace (9) by
Thus if we retain (10), we introduce a factor cos in the right sides of (11*2) and (11*3) and replace the right-hand side of (11*4) by cos (JkA) (jT^ +JT®) plus an extra term
The non-vanishing [/x +, f 0 ] can be made zero by a transformation from / to some other amplitude functions.
f The following properties of A(£)
which follow from th e definition will be used in this paper.
If we choose H in vacuum to be
which goes into the last formula in §2 as A->0, the equations of motion (2) give precisely (5) with j = 0, which is equivalent to / = constants. I t is true th a t by adding to Ha term playing the role of -A^j^ in (3), we get from (2) the field equations (5), but then the equations for m atter becomes rather complicated and their rela tivistic characters no longer obvious. We shall see later on ( § 6) th a t such difficulties disappear when we introduce negative energy states into (8).
Modified Dirac-Fock-Podolsky equations
Let us introduce for each of the material particles present a time co-ordinate i being the suffix for the particle. Following Dirac, Fock & Podolsky (193 2), we assume the field variables to be functions of t, x, y, z and the the field equations
where (it1, x*) are the co-ordinates of the ith particle and thus functions of tl only £* denotes (x -x1)^ and v* dx^/dt1. I t is easy to see th a t are integrals of motion, i.e. their derivatives to t1 vanish for all i. Thus, assuming L x and L 2 to be zero for some values of t1, t2, ... and for all x, they are zero always We shall, in fact, make this assumption, and hence we have
Another integral of motion is
Let us define Pr(x; t*,...) = ± ,
differentiation being taken at constant t1, t2 ,Let us introduce the abbreviation F '( t,x )for F (t,x; t1 -t2 -. .. = t). Then it is easy to prove from (15) P'/l, Ay satisfy the following equations:
with jp = 2 e ty filx -x*^)), i Identifying -AniP'r and (dAr/dx8 -dAJdxrY to be the e we see that the Maxwell equations are satisfied if P'0 and -j'0 + (dP, rjdxr) are zero at t -0. Since L s and L x are integrals of motion, it is sufficient to assume L z and L x to be zero for t = 0, for all x and for a particular set of values ofi1, t2, If L are already assumed, as we have actually done, it suffices to assume that L z is zero for all x and a particular set of t1, t2, ....f If we perform a A-modification on the right-hand sides of (15), we get corresponding integrals of motion and equations corresponding to (19). They will not be written out.
D eduction of the above field equations in quantum
ELECTRODYNAMICS WITH dAJdx^ = 0
In this section we shall study quantum electrodynamics with dAJdx^ = 0 and with each of the material particles present taking a separate time co-ordinate. We start by forming Schrodinger equations of the form 
.) satisfy t).
(23-2)
If some of the T 's happen to be some of the s, (23*2) takes a suitably modified form, which need scarcely be written out. For convenience of discussion, let us confine the material particles to Dirac electrons. We have from § 2
where HF is the part of the Hamiltonian involving the field only and A* is A^ taken a t the ith particle. Let us perform the transformation q*(i.) = eiHFiihqse-iHFiih} (24-3)
\Jr* = eiHF (24-4) so th a t we have hi(di/r*/dt) = Z i H*i(t)iJf*. (24*5)
At this point, we introduce and replace the above equation by
M d 'P w J d t = H*\t<)Vf (25)
This procedure has been given in Dirac's book (Dirac 1935) and is repeated here for completeness. Needless to say, we confine the domain of W by the condition (x{ -xj)2 >0 (all i, j) , for beyond that H*{ and H*j do not commute and the con dition of integrability of (25) is not satisfied. The different x'£) in H*{ commute according to (12-1), as explained in Dirac's book. (21) does not change with ti, if for a given t1, t2, they are cbe given by the right-hand sides of (12). In the same way, we see that the com mutation relations for p m,qm of matter are the same as those for ( (? these commutation relations, it is a simple matter to deduce from (23) the desired field equations. We get in this way precisely equations (15*1) and (15-2) for A^ and P0 with vl r replaced by -<x\. The integrals of motion given in (16) can be proved directly by means of (23). For example, in showing that is an integral, we note 
As we have mentioned above, H { in
U~[iT ,P a( x -t \ t \ ...) + Ze<A(ff)] + [inPa+
.), MJ&i t \ t \ ...)] = -\M A { x -x ') , [M,M] = [N Q uantum electrodynamics w ith dAJdx^-0
Applying the general remarks in the above section to this place, we see th a t (26) holds for any t1,t2, .... Let Using this solution, we find th a t in the domain for W, i.e. in the domain where
. . and is a t the limit A approaches zero equal to (retar + A ft (advanced)] a t the point xi, apart from additional terms ilf® and A-®. (A(?-) is the potential produced by the jth particle.) The independence of A^x 1; ...) from t1, ...,A~X,A+1, ... is necessary in order to ensure oA, x* to remai of A only.
Another solution of (29) is
Here again in the domain for W ,A fl(xi ; t1, ...) is independe As A approaches zero, this becomes however
According to Dirac (1938) , this A should appear in the equation of motion for the ith particle.
The commutation rules for A are obviously
for all t1, t2, ..., where AA denotes the A-modification of A , as defined above.
To introduce dAJdx" = 0 into the theory, let us retain (27), (28) and assume instead of (26)
where for shortness we let -hiA (x -x') , denote the right-h sides of (12*1) and (12*2), and AP/l= -A^p, zJPjP = 0. E replaced by ( x '\x " ) = -iA(x'-x") ,(40) while here we shall assume
S -^w~~
A justification of this similar to th a t of (40) from equation (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) in Dirac cannot be easily found, but it may be expected to be right on account of the facts th at as functions of x 'and p' it satisfies (39) and th at (x'p' | x"p"') is the complex con of (x"p" | x 'p'}. Generalizing (41) 
This allows us to connect the £'s with , N by
MP = (th)i Lp-l
Owing to (42), we must on passing to momentum representation replace (3-1) in Dirac by
etc., where, following Dirac, the right-hand side is summed over the two vectors ( ± ik ,k x,k 2,k 3), say kx and ku . Thus M + N (x + \) can be put as (1 here we have a factor (2)_i, a summation over the two vectors kv ku and th at in terms containing exp -i(kx), x is replaced by x + A. As a re sides of (8*1-3) as t Xp(fk>x) + Yp(fit ,x), we get the following expressions for Ap and P0: 
where the y 's will not be written out. Using this representation, all the terms in A(x\ t1, ...) containing or can be grouped into 6's or self-adjoint operators which commute with all c's and all 6's except one and can thus be represented by something times 3/06.
Evidently the Schrodinger functional is of the form
where 3 * ( x ) is the square root of S(x). After substituting (49) into (25), multiplying by ) 3*( ) and integrating over all the 6's, all the terms of the form 3/36 are dropped out and the 6 replaced by y 's. Inserting y for 6 and zero for 3/36, we find th at the terms in A (x; t1, ...) containing/^ or reduce to the A-m
The longitudinal partofA*(£\ x f) in H *^)is given by p u ttin g s = and t1 = t2= ... = 0 in the A-modification of (50), and is accordingly simpler. As a check, one notes th a t though, as given by (50), A^ does not behave as a vector, it satisfies (17) with P0 given as -(4n)~1ZeiA(^i). Further, one may note th a t when = -a A = 0, A ras given by (50) reduces to the last term only and A 0 to the value (i/4) Thus the longitudinal part of A *(0,xr) in the Hamiltonian 0) is zero and the summation of the longitudinal part of -ietA$(0, x*) over i (1/4) The reason why we have (1/4) Z instead of the usual (1/2) Z is th a t if we investigate (24-1), we shall find th a t an amount (1/4)27 is in HF, and this amount was absorbed in W through the transformation (24-3,4) .
The above elimination of the longitudinal p art of A*($*,xf) is independent of Gibb's ensemble; with respect to the operator c's and hence without invalidating the result (50), we may impose on W occurring in nature the condition cgP = c J P = 0. W ith this, the longitudinal part of the field is completely simplified.
A similar elimination of the longitudinal part of the field in the theory of § 5 can also be performed, but this does not lead to simple results when A ^ 0, owing to the unpleasant (14). When A = 0 the static part in is again (50). For the transverse part of the field in the present section, we have nothing to add to Dirac's paper. We shall not discuss them except remarking th a t his equation (15) 
Before concluding this paper, it must be mentioned why we have not tried to produce a theory with each of the charges taking a time co-ordinate along Weiss's method. Using this method, we must consider x% A M , etc., changing in the space formed by t1,t2, ..., with t, x as parameters. There is no trouble arising from requirement th a t x 1 ' must be a function of V-only, for x i can be made a function of tl only by introducing proper constraints and initial conditions for W occurring in nature. Such a theory has no undesirable features except th a t the commutation relations cannot be made symmetrical between the particles, arising from the fact th a t they usually change in form in a transformation among the s, a point discussed already in the introduction. For this reason, such an attem pt is abandoned.
In conclusion, the writer wishes to thank Professor Dirac for his kind encourage ment. 
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